







































































Math2010 Week 7 Thm If f g Ie IR 7113 are
Last time differentiable at a Er Then

Differentiabilityis defined in terms fix 1gets c fix Height are
of linear approximation and error differentiable at a

f is differentiable at a if glatt0Ex showthat a linearpolynomial girl
f I Ct b X t 1bnXn 1SpecialcaseofChainRule

is differentiable on Rn from definition let hix be a onevariablefunction

and is differentiable at f E
Rmk I bi VIER Then hof is differentiable at a
Thelinearizationof f II at a i f y f ta l h hotta

any aCIR is
Rmk Wewill discussgeneral case of

Lix fit chainrule later










































































Proof of are similarto If fix is differentiable then

those for one variable MATH2050 the followings are differentiable

et't sin fix cos fix
The resultsabovegivemanyexamples
of differentiable functions Ln fix where fix o

fix where fix to
constantfunctions fix c

Hix where th O
coordinatefunctions fix Xi

lu l th't where fix to
Polynomials Sumofproductsof X

eg 4x3y2tXy XYZ 1 des5
eg etatsink't xp

Rationalfunctions Quotientof polynomials
en l cosKyl3

eg Xytz
Rey't Eti










































































Another
way to checkdifferentiability Au3.5.21 Thetheoremprovides a simplyway to

Thm let REIR beopen f beC on a
Veritydifferentiability it all off can be

easily showed to be continuousthen f is differentiable on SL

eg fix yZ Xe t logtxt Z
RmkTheassumption requiresall Ffiexist Domain of f ixy EIR Xt Z o
on an opensetnotjust at a singlepoint a is open

eg f IR IR ft e t t e t f ziii I si f
y
Xe t All are continuousf fy exist and are continuous ondomainof f

on a smallopen ball Beloo fIz Hz
f is differentiable on Below

a f is C
f is differentiable at 00

f is differentiable










































































Jf of 1hm C differentiability on C

Weprove it for 2variable fix y Similarproof for morevariables Ex

Suppose a b El andBg ab Er For IXy CBslab
fix y flab f ix y fIXb tfcx.to f aib MUT

fyix K y b t faith b X a forsomeKbetweenb yandhbetween a x
x ylEng fix y flab fxlaib.lk a fylaidlyb i kik

111kg labH IH atty bi a b Fib
ffylx.k7 fyla.to y b 1 fxlh.be fxla.byx a

1H atty bi
E HyIXK fylab y b fxlh.be f lab x a

1H atty bi tix a5tcyb5 bytriangleinequality
E fylx.la fylab fxlh.be f lab

Take ixg lab then xK 1hb a b R.H S 0 bycontinuityof fx fy
ElkyBysandwichtheorem dim O f is differentiable at la bg cab 111kg labH










































































Gradient andDirectionalderivative Detin let REIR beopen a er f r lR
Defn let REIR beopen a Er let aEIR be anunitvector li.e.HUI l

f r IR Definethegradientrector Define the directional derivative of f
off at a to be in the directionof it at a to be

flat lat i ftp.lat Datia dim f Ia tut flat
o t

therateofchangeof f in thees fix g X't 2xy directionof it at thepoint a
Fffx y f x fy 2x12g 2x

Ffl 1 2 6 2 I
i o U y i

i a r
Rmk UsingFf linearization of f at a i

can beexpressed as
Rmk let e co O l O O EIR

L f f a j t 2 ta ki ai t ithterm

f ta t Ff a j I a
Then Deifia ftpla










































































es ez co DEIR eg lettings sin Ey
Deaf a b Afyon fta b tea flatb Find the rate of changeof f at Iif

t

g f la btt fi a b
in the direction of I i i

t Sol let a IT E
Itgla b Recall sin Z LIzz

1hm Suppose f is differentiableat a 3 y tyg ty 1 tyg IIlet a c IR be a unitvector Then

Datia Ffca a
Note f

y
are continuous near it E

f is C near 11 E

Recall that if Ito c IR then f is differentiable at 4 E
thedirection of J is defined to be Answer D f It E
the unit vector I Ffa E it

11TH










































































Itai Ey El IE Ea Defeat figon Hatta this
t

l l E 1 Tz q
THAT tutte a ttu

t

Iz 1 Pflag a dim Etat tu
Eso t

Pf differentiable Dutta THE T
Differentiabilityof f at a

let Lee be linearizationof H at I
dim 1El at tull o

fix LIE tax t w Hoit tu aH

fca j Fffaj.CI a t ECE din Etat th OEN t

Put E attu
BySandwichtheoremf a tu flat THE Itu
Duffay jffaj.ci to Titta IEtat tu










































































Geometric Meanings of Ffia Properties of Gradient

If f is differentiable at a kill I If f g C EIR IR are differentiable

Dufla j Ffcaj.ir open
c is a constant Then

ByCauchySchwarz
THAT.IE lFHaTHHuiH HFfcay Ft ft g Fft Fg

F cf c FfAlso if FflE to then
HFHATHEFfiaj.us lFfcasH Fltg gFf t fJgT T
THAT Kii THAT Kii Ffg GTFGIFFg if gtoforsomeKao forsomeK O

Ata f increases decreases mostrapidly Pf Followeasilyfrompartialdifferentiations
in the directionof Ffta l Ffia
at a rate of 11THIN










































































Rmk In definition of Baftas Total Differential of a realvaluedfunction

it is assumed to be a unitvector let f REIR IR bedifferentiableat a Er

It canalsobegeneralized to Dyfia
Consider linearization at a

for any J anylength
f E flat t.EEila lxi ai t Ect

In that case Denote If fix fCai Xi Xi a

Delta fig flat Fiat Then Life 2 a ax
ie

t
The approximationis goodupto 1st ordersince

and Delta flat J
fin E 0

Vote T E TH 1st order

Dof Hill
Dat if Fto T 11

Classicallythis1storderapproximatedchangeisdenotedby

ifv o df II ftp.lajdxi
andis calledthetotal differentialof f ata










































































3mk In moreadvanced level df andDX Then LIVE DV approximatedchange
7

can be interpreted as linearmaps fromIR to IR actual 2Terhdrt Fr dh
change 2x 3 12110.08 1413140.3

eg let Vcr h Trh rn 3 061T I 9.61
is C differentiable h

Properties of total differential
dV drtFhdh V volumeof It f g C EIR IR are differentiable

open
ZTrhdrt r.dk cylinder

c is a constant Then

Forapplication dfftg df 1dg
Suppose we want to approximate dlc f cdf
change of when r h changes from dffg gdf fdg
r h 13,12 to 13 0.08 12 0.3

d Ig gdf gfdglet drear 0.08
dh ah 0.3 Pf Followeasilyfrompartialdifferentiations










































































Summary Differentiating a realvalued function fCE fix xn at aEIR
Jifferenttypesof derivatives Relationsamongderivatives

Directional Dafia fineHatta flat for kill L c Ck Ck C coderivative t

Partial ta Deifia ei co o1,0 o f is C on an opensetcontaining aderivative
HrGradient Ffl aI ta ftp.lai f is differentiable at a

Totaldifferential df IIftp.laldxi Datia THAT I
j

Higherderivatives eg fax Dafia existsforany µ f is continuous
f isCkmeans f andallitspartialderivativesuptoorderk unitrector I cRn L at a

existsand are continuous 14
Linearapproximationof fix near a Ita existsfor it n

Oki
Lix f ai t Fta I I

fix LIF t ECI Allthe in thereversedirection are

f is differentiableat a if final o df eat falseSeenextpageforcounterexamples



Verifythe following counter1examples e5 ya
fix g

X'ty4 if Ky 110,0
efl f IR R

o if ixg Lo.O
fix X Sir if o

Ditto 0 exists for anyunitvector a CIRO if 8 0
but f is not continuous at o.o

f is differentiable on R but

f k is not continuous at x 0 EP fcx.gs Ixtyl
Similarly f is continuous on 11Tbut f Coo fyLoco DIVE
glx X 2 fix is K timedifferentiable

but g ex isnot continuous at o flx.gs Hy1
Hence ktimedifferentiable Ck f OO fy10,0 exist
In particular C Ck but Defcon DIVE for It t E.IE
Formultivariable let hits GK


